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In this contribution we will study the case when the systems of functions $\documentclass[12pt]{minimal}
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After recalling some preliminary notions and results in Sect. [2](#Sec2){ref-type="sec"}, in Sect. [3](#Sec5){ref-type="sec"} we provide the results of our study. Finally, conclusions are given in Sect. [4](#Sec6){ref-type="sec"}.

Preliminaries {#Sec2}
=============

In this section we recall some basic definitions and known facts on aggregation functions. In the second part we provide basic idea of the generalized-convex-sum-transformation that was introduced in \[[@CR9]\].

Basic Definitions and Known Facts {#Sec3}
---------------------------------

In this contribution we will deal with ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n$$\end{document}$-ary) aggregation function on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[0,1]$$\end{document}$. For more details including definitions and discussion concerning examples and properties of aggregation functions we recommend \[[@CR1], [@CR2], [@CR7], [@CR10], [@CR12]\].
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### Definition 1 {#FPar1}
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### Definition 2 {#FPar2}
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### Lemma 1 {#FPar3}
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### Proposition 1 {#FPar4}

**(**\[[@CR12]\]**).** Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C$$\end{document}$ be a binary copula (or a quasi-copula). Then for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x,y)\in [0,1]^2$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \max (0,x+y-1)\le C(x,y)\le \min (x,y). \end{aligned}$$\end{document}$$

Let us remark that the functions related to the lower and upper bound occurring in inequality ([2](#Equ2){ref-type=""}) are denoted by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} W(x,y)=\max (0,x+y-1),\quad M(x,y)=\min (x,y) \end{aligned}$$\end{document}$$and are called *the lower and upper Fréchet-Hoeffding bounds*, respectively. In the theory of t-norms the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W$$\end{document}$ is usually denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{L}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M$$\end{document}$ is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{M}$$\end{document}$ and are called the Łukasiewicz and minimum t-norm, respectively.

Generalized-Convex-Sum-Transformation {#Sec4}
-------------------------------------
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### Example 1 {#FPar6}
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### Remark 1 {#FPar11}

It follows directly from Definition [3](#FPar5){ref-type="sec"} and [6](#FPar10){ref-type="sec"} that the set containing all the MSF and SMSF is convex.

### Example 2 {#FPar12}
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0 - 1 Valued Standard Monotone Systems of Functions {#Sec5}
===================================================

In the rest of the paper we will consider only standard monotone systems of functions $\documentclass[12pt]{minimal}
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We will focus our attention only to binary aggregation functions and their GCS-transforms.

Proposition 2 {#FPar13}
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Proof {#FPar14}
-----
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Definition 7 {#FPar15}
------------
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The following example illustrates some 0-1-SMSF and the copulas they generate.

Example 3 {#FPar16}
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Remark 2 {#FPar20}
--------

Analysing the proof of Proposition [3](#FPar18){ref-type="sec"} we see that if a copula has a component that is non-linear in the first variable, then it cannot be generated by a pair of 0-1-SMSF $\documentclass[12pt]{minimal}
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A characterization by the second mixed partial derivatives of copulas generated by pairs of 0-1-SMSF is contained in the following proposition.

Proposition 4 {#FPar21}
-------------
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Example 4 {#FPar22}
---------

Set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=5$$\end{document}$, the permutation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {\Pi }$$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(2,1,4,3,5)$$\end{document}$ and the nodes are given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(0,0.3,0.4,0.7,0.9,1)$$\end{document}$. Then the corresponding 0-1-SMSF $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {G}_6=\{\, ^6g_{x}\}_{x\in [0,1]}$$\end{document}$ is given by formula ([16](#Equ16){ref-type=""}) and the shuffle copula is then generated by the pair of 0-1-SMSF $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}_{6}=(\tilde{\mathcal {F}},\mathcal {G}_{6})$$\end{document}$ and displayed in Fig. [6](#Fig6){ref-type="fig"}.Fig. 6.Left the layout of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {G}_{6}$$\end{document}$, right the copula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^{\mathbb {F}^{(6)}}$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}^{(6)}=(\tilde{\mathcal {F}},\mathcal {G}_{6})$$\end{document}$

The explicit formula for 0-1-SMSF $\documentclass[12pt]{minimal}
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Shuffles of min are in \[[@CR11]\] described in a more general way than we have illustrated by Example [4](#FPar22){ref-type="sec"}. Namely, the shuffles can be combined with flips (a flip of the minimum copula $\documentclass[12pt]{minimal}
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Proposition 5 {#FPar23}
-------------
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Conclusion {#Sec6}
==========

This paper contributes to a study of Generalized-Convex-Sum-Transformation of (binary) aggregation functions. Particularly, we have studied copulas that can be generated by pairs of 0-1-SMSF (see formula ([6](#Equ6){ref-type=""})). Though, the 0-1-SMSF $\documentclass[12pt]{minimal}
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